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Abstract
A theoretical study of the growth-direction magnetic-field effects on the exciton
photoluminescence peak energies in GaAs–Ga1−x Alx As quantum-dot/ultrathin
quantum-well systems is presented. Calculations are performed within the
effective-mass approximation and taking into account nonparabolicity effects
for both the conduction-band and valence-band effective masses. We use a
simple ‘QD + ultrathin QW’ model heterostructure to mimic the actual physical
system, and calculated results for the exciton diamagnetic shifts are found in
overall agreement with recent experimental measurements.

1. Introduction

The physics of low-dimensional nanosized semiconductor heterostructures has attracted
considerable attention in the last two decades or so. This is due to a number of interesting
confinement and quantization effects which may introduce modifications in the electronic and
optical properties of these semiconductor systems, with the obvious implication of a variety
of applications in optoelectronic and spintronic devices. In particular, semiconductor quantum
dots (QDs) have been largely used as models for the study of both fundamental electronic
properties as well as for coherent optical manipulation of QD states [1–10]. For a number of
reasons, GaAs–Ga1−x Alx As systems have been the most studied among the low-dimensional
semiconductor heterostructures. Here we are concerned with GaAs–Ga1−x AlxAs QDs and
ultrathin quantum wells (QWs). As is well known, these semiconductor systems have almost
perfect match of lattice parameters, and sharp interfaces between the two materials may be
obtained with reduced intermixing, with the result of ideally unstrained heterostructure systems.
Moreover, GaAs QDs may naturally occur at thickness fluctuations of thin GaAs–Ga1−xAlx As
QWs, which produce a three-dimensional (3D) confinement. Recently, Rastelli et al [11] have
been able to obtain 3D unstrained GaAs–Ga1−xAlx As QDs via hierarchical self-assembly, by
combining solid-source molecular beam epitaxy and atomic-layer precise in situ etching. They
were able to obtain photoluminescence (PL) spectroscopy measurements with very narrow
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Figure 1. Pictorial view of the ‘QD + ultrathin QW’ model heterostructure used in the present
work.

Figure 2. Growth-direction magnetic-field dependence of the heavy-hole exciton peak energies
(or ground-state-correlated e–h transition energies) for a symmetric ultrathin Lz(QW) = 1.6 nm
GaAs–Ga0.65Al0.35As QW. Experimental data (down triangles) are from Schildermans et al [12]
and present theoretical results (full curve) are obtained by taking into account nonparabolicity
effects for the GaAs conduction [20] band, i.e., me = 0.10 m0, where m0 is the free-electron mass,
and for the GaAs valence band [23, 24], with mhh‖ = 0.35 m0. For comparison, the dotted line
represents our calculated results for an Lz = 1.8 nm ultrathin well as in table 1 of Schildermans
et al [12], with masses in the parabolic-band [18] approximation given as me = 0.0665 m0 and
mhh‖ = 0.116 m0, whereas the dashed curve corresponds to theoretical results for an Lz = 1.6 nm
well, with me = 0.10 m0 and mhh‖ = 0.116 m0.

inhomogeneous broadening and clearly resolved excited states at high excitation intensities
of 145 W cm−2, and their work was followed by further studies of the optical properties of
unstrained GaAs–Ga1−x AlxAs QD/ultrathin-QW systems [12, 13]. By using simple modelling
of the effects of the growth-direction applied magnetic field, Schildermans et al [12] estimated
the effective exciton mass, and found it to be more than twice the value for bulk GaAs.

The purpose of the present work is to theoretically study the growth-direction magnetic-
field effects on the exciton states in GaAs–Ga1−x AlxAs QDs and ultrathin QWs, and
compare calculated results with the measurements by Schildermans et al [12] and Sidor
et al [13]. We first note that magneto-photoluminescence data by Schildermans et al [12]
in GaAs–Ga1−x AlxAs QD/ultrathin QW systems reveal well-resolved QW and QD PL peak
energies. We choose therefore a simple theoretical modelling4 of the GaAs–Ga1−xAlx As
semiconductor heterostructure which is loosely depicted in figure 1, and should be compared
with the insets in figure 2 of Rastelli et al [11] or in figure 1 of Schildermans et al [12]. In

4 In order to simplify the calculations, we choose to model the GaAs–Ga1−x Alx As QD/ultrathin-QW systems used
in the studies by Rastelli et al [11] and Schildermans et al [12] by considering both barriers as Ga0.65Al0.35As infinite
layers. Note that the heterostructure used in the experimental measurements [11, 12] consisted of a Ga0.55Al0.45As
layer and a Ga0.65Al0.35As barrier on the opposite sides of the thin GaAs layer.
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the present calculations, we follow Schildermans et al [12], who commented that the Zeeman
splitting is quite small and the maximum PL shift (occurring at 50 T) due to low-energy spin
polarization is found to be 2.5 meV (1.5 meV) for the QWs (QDs) in their experiments [11, 12].
Here, therefore, we ignore spin effects. Moreover, we assume that the relative motion of the
carriers and that of the centre of mass (CM) are independent (we note that, strictly, one may
only make this separation in the plane of the well [14]). With these assumptions, the exciton
envelope wavefunction may be taken as �exc(

−→ρ , ze, zh), which depends on the e–h relative
coordinates −→ρ = (ρ, φ) for motion parallel to the heterostructure interfaces and on carrier
coordinates ze and zh along the growth direction. The work is organized as follows. Section 2
briefly describes the theoretical approach of the present study, section 3 presents results and
discussion, and conclusions are given in section 4.

2. Theoretical framework

In the calculation of exciton PL peak energies (or electron–hole (e–h) correlated transition
energies) in GaAs–(Ga, Al)As semiconductor QDs, we consider the Hamiltonian [15–17]

H = He + Hh + VQD + VC, (1)

where we take into account growth-direction applied magnetic-field effects, i.e., the electron
and hole Hamiltonian operators are given as

He = − h̄2

2m∗
e

∂2

∂z2
e

+ 1

2m∗
e

[
−ih̄(∇e)‖ + e

c
Ae

]2
, (2)

Hh = − h̄2

2m∗
h⊥

∂2

∂z2
h

+ 1

2m∗
h‖

[
−ih̄(∇h)‖ − e

c
Ah

]2
, (3)

respectively, where m∗
e is the isotropic electron effective mass, and m∗

h⊥ and m∗
h‖ are the hole

effective masses [18]. The VQD confinement potential of the QD is given by

VQD = Ve(ze) + Vh(zh) + Vρ, (4)

i.e., it is modelled by the sum of electron and hole one-dimensional z-direction Lz (QD) square-
well barrier potentials and a lateral in-plane parabolic confinement potential taken as

Vρ = 1
2μxω

2ρ2, (5)

where μx = m∗
e m∗

h‖
m∗

e +m∗
h‖

is the heavy-hole exciton in-plane effective mass, h̄ω is a measure of

the strength of the in-plane confinement potential, and ρ is the e–h in-plane coordinate (it is
convenient to define a lateral QD radius as RQD = √

h̄/μxω). The e–h correlation is taken into
account through

VC = − e2

εr
, (6)

i.e., a Coulomb potential screened by the dielectric constants of the barrier or well materials,
where r is the e–h distance.

In order to calculate the QW exciton PL peak energies for an ultrathin QW, we ignore the
QD (see figure 1) and consider a thin isolated QW, with H = He + Hh + VQW + VC, and the
electron and hole confinements in the z-direction modelled by the Lz (QW) square-well Ve(ze)

and Vh(zh) barrier potentials VQW = Ve + Vh, respectively. In the above equations, the vector
potential is chosen in the symmetric gauge as A = (B/2)(−y, x, 0). The z-dependent Vi(zi )

(i = e, h) confinement potential is invariant under the transformation z → −z. Therefore,
one may assign a definite parity for the e or h QW wavefunction. As the e–h Coulomb
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interaction is invariant under the simultaneous inversion of the electron and hole positions,
the exciton envelope wavefunction will therefore have a well-defined parity (i.e., parity is a
good quantum number), and the excitonic envelope function may be expanded as products of
QW electron and hole eigenfunctions preserving the parity. One then may write the exciton
envelope wavefunction as

�±
exc(

−→ρ , ze, zh) =
∑
P,P ′

∑
ne(P),nh(P ′

)

Bne(P),nh(P
′
),(±)(−→ρ ) fne(P)(ze) fnh(P ′

)(zh)�P,P ′ , (7)

where P, P
′

indicate even or odd parity, and �P,P ′ = δP,P ′ for even (+) excitonic states,
whereas �P,P ′ = (1 − δP,P ′ ) for odd (−) states. In the above, fne(P)(ze) and fnh(P ′

)(zh) are
the QW electron and hole eigensolutions, respectively. One, therefore, obtains the following
eigenvalue equation for Bne(P),nh(P),(+)(ρ, θ) (and a similar equation for the (-) solution):
[
− h̄2

2μx
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ρ + 1

2
μxω

2
effρ

2 + eB

2c
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1
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e

− 1
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Lz − ε(ne(P), nh(P))

]
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∑
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∑
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),n,
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(ρ)Bn,

e(P
′
),n,

h(P
′
),(+)(ρ, θ) = 0, (8)

where

ε(ne(P), nh(P)) = Eexc − Ee − Ehh − Eg, (9)

Eg is the bulk GaAs energy gap, Ee (Ehh) is the first electron (heavy-hole) QD barrier-potential
confinement energy, and Eexc denotes the excitonic PL peak energy (or correlated e–h transition
energy),

ωeff =
√

ω2 + 1
4ω2

c , (10)

where ωc = eB
μx c , and

V ne(P),nh(P)

n,
e(P ′

),n,
h(P ′

)
(ρ) = 〈 fne(P)(ze) fnh(P)(zh) |VC| fn,

e(P ′
)(ze) fn,

h(P ′
)(zh)〉. (11)

We note that the above matrix element is θ -independent; equation (8) has azimuthal
symmetry and, therefore, one may write

Bne(P),nh(P),(+)(ρ, θ) = exp(imθ)F (+,m)

ne(P),nh(P)(ρ), (12)

i.e., the z-component of the angular moment is a good quantum number. One then obtains
a set of coupled equations for F (+,m)

ne(P),nh(P)(ρ), which may be solved numerically by expanding
F (+,m) in a set of Gaussian-type functions with length parameters λ, chosen in order to cover the
physical range of relevant spatial parameters [15]. Further details of the calculation procedure
may be found elsewhere [16, 17].

3. Results and discussion

In what follows, relevant material parameters were initially taken, at low temperature, within
the parabolic effective-mass approach, as in Li [18]. For simplicity, we have used the GaAs
values of the effective masses and dielectric constant throughout the heterostructure. One must,
however, take into account the effects of nonparabolicity both in the conduction [19–22] and
valence [23, 24] bands, and possible changes in the values of both the GaAs conduction-band
electronic effective mass as well as in the GaAs valence-band effective mass. With respect
to the effective electron mass at the 
 minimum for a GaAs–Ga0.65Al0.35As QW with widths
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� 10–12 nm, here we mention that theoretical calculations including nonparabolicity effects
on the electron effective mass were performed by de Dios-Leyva et al [20] and Städele and
Hess [21], and results were found in very good agreement with the experimental measurements
by Michels et al [22]. In the case of nonparabolicity effects on the GaAs valence-band
effective mass, we refer to the theoretical work by Pacheco et al [23] and Ekenberg and
Altarelli [24], from which one may estimate the ground-state heavy-hole effective mass to
be 0.47m0 and 0.55m0, where m0 is the free-electron mass, for GaAs QWs of widths equal
to 4 nm and 7 nm, respectively. Notice that present calculations for the growth-direction
magnetic-field dependence of the heavy-hole exciton peak energies for a symmetric ultrathin
Lz(QW) = 1.8 nm GaAs–Ga0.65Al0.35As QW (i.e., with Lz(QW ) as in table 1 of Schildermans
et al [12]), and that do not include nonparabolicity effects (dotted curve in figure 2), show
a theoretical magnetic-field dispersion too steep as compared with experimental results by
Schildermans et al [12] (see also the results represented by the dashed curve, which includes
nonparabolicity effects only for the conduction-band mass, through an me = 0.10 m0 electron
mass). On the other hand, calculations in which the GaAs conduction-band me effective mass is
chosen by taking into account nonparabolicity effects as calculated by de Dios-Leyva et al [20]
(i.e., me = 0.10 m0 for a QW thickness of 1.6 nm), and with a heavy-hole effective mass
chosen5 as mhh‖ = 0.35 m0, result in a nice agreement with the measured PL exciton peaks
by Schildermans et al [12], as is apparent from the full theoretical curve in figure 2. Notice, in
this case, that the Lz(QW) = 1.6 nm QW width (which is in good agreement with the value of
1.8 nm for the sample 2 in the experiment) was chosen in order to fit the zero magnetic-field
experimental result by Schildermans et al [12].

Theoretical calculations, with nonparabolicity effects both for the conduction and valence
effective masses, are then performed for the magnetic-field dependence of the diamagnetic
shifts of the m = 0 ground state, and m = −1 and −2 excited states of the heavy-hole exciton
for a GaAs–Ga0.65Al0.35As QD of thickness Lz(QD) = 4.7 nm and lateral dimension 2RQD =
16 nm. Theoretical results are compared, in figure 3, with the experimental measurements
by Schildermans et al [12] and Sidor et al [13]. One notices that the Lz(QD) = 4.7 nm
QD thickness is in fair agreement with the 5.96 nm value quoted, for sample 2, in table 1 by
Schildermans et al [12]. Theoretical results indicate that a choice of 2RQD = 16 nm for the
lateral size of the QD, or h̄ω = 17.5 meV (h̄ω = h̄2/μx R2

QD), provides a quite good description
of the experimental diamagnetic-shift data. Here we note that the present zero-field theoretical
results for the PL excitonic peaks are 1613 meV (m = 0), 1644 meV (m = −1) and 1665 meV
(m = −2), which should be compared with the experimental [12, 13] PL energies of 1620,
1638 and 1650 meV, or with experimental (excitation intensity of 145 W cm−2) measurements
of 1607, 1623, and 1642 meV by Rastelli et al [11] for a sample supposedly grown in the same
way as sample 2 of Schildermans et al [12].

Here we note that, in the present calculations, the effects of nonparabolicity were taken into
account through the use of appropriate effective masses both for the conduction electrons and
valence-band holes. As shown in previous studies [19–24], such effects may be incorporated
into the effective masses, and depend on the size of the QW or QD in question. We have
used the corresponding electron effective-mass values obtained in the study by de Dios-Leyva
et al [20], and calculations of the electron effective mass in that work incorporate the effects of
the Zeeman splitting and wavefunction penetration. For the valence-band heavy-hole effective
mass [23, 24] we have used mhh‖ = 0.35 m0.

5 Note that this value of the heavy-hole effective mass is of the same order of magnitude as the values inferred from
the theoretical studies by Pacheco et al [23] and Ekenberg and Altarelli [24], which take into account nonparabolicity
effects for the valence-band effective mass.

5
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Figure 3. Experimental [12, 13] diamagnetic shifts of the ground state, and first and second excited
states of the heavy-hole exciton, in the case of growth-direction applied magnetic fields, for a
GaAs–Ga0.65Al0.35As QD, are shown as open dots. Theoretical results for the m = 0 ground
state, and m = −1 and −2 excited states of the heavy-hole exciton are shown as full curves, and
calculations are performed for a QD of height/thickness Lz(QD) = 4.7 nm and lateral dimension
2RQD = 16 nm, corresponding to an in-plane parabolic μx ω2ρ2/2 confinement potential, where
μx is the heavy-hole exciton effective mass and h̄ω = 17.5 meV (h̄ω = h̄2/μx R2

QD); we take into
account nonparabolicity effects for the GaAs conduction [20] band, i.e., me = 0.084 m0, where m0

is the free-electron mass, and for the GaAs valence band [23, 24], with mhh‖ = 0.35 m0.

It is of interest to comment that Schildermans et al [12] have ‘measured’ the exciton in-
plane effective masses through a fitting procedure6 of the PL exciton energy, and obtained
values two times larger than the bulk GaAs exciton mass. In the present calculation,
however, we have obtained agreement with experimental data by including realistically both
e–h Coulomb interaction and nonparabolicity effects [20–24] with a conduction-band mass
me ≈ 0.08–0.10 m0 and a valence-band mass mhh‖ = 0.35 m0. This indicates that the values
obtained by Schildermans et al [12] for the exciton in-plane effective masses should be viewed
with caution. The present calculation ignores effects of interdiffusion by taking a QD in-plane
confinement-potential profile defined by a lateral QD radius instead of an asymmetric profile as
in figures 4(b) and (c) by Rastelli et al [11]. We do believe, however, that an isotropic in-plane
confinement potential preserves the essential physics of the QD-exciton problem, and that a
calculation with a more elaborated profile of the confinement potential would not change the
overall conclusions of the present work.

6 Here we note that the energy expressions adopted by Schildermans et al [12] are oversimplified and do not include,
for instance, effects of the e–h Coulomb interaction. We believe this is essentially the reason for obtaining such
unrealistic values for the exciton effective mass.

6
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4. Conclusions

Summing up, we have worked within the effective-mass approximation and taken into account
nonparabolicity effects for both the conduction and valence effective masses, and performed
a theoretical study of the growth-direction magnetic-field effects on the exciton states in
GaAs–Ga1−xAlx As QDs and ultrathin QWs. Calculated results for the diamagnetic shifts of
the m = 0 ground state, and m = −1 and −2 excited states of the heavy-hole exciton, within a
simple ‘QD + ultrathin QW’ model heterostructure, are found in overall agreement with recent
experimental measurements by Schildermans et al [12] and Sidor et al [13].
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